Abstract. We show how Witten's conjecture relating the Donaldson and Seiberg-Witten series for four-manifolds of Seiberg-Witten simple type with b1 = 0, odd b + 2 ≥ 3 follows from the SO(3) monopole cobordism formula.
1. Introduction 1.1. Main results. Throughout this article we shall assume that X is a standard fourmanifold by which we mean that X is smooth, connected, closed, and oriented with b 1 (X) = 0 and odd b + (X) ≥ 3. For such manifolds, we define (by analogy with their values when X is a complex surface) (1.1) c 2 1 (X) = 2χ + 3σ, and χ h (X) = 1 4 (χ + σ), where χ and σ are the Euler characteristic and signature of X. Extending our results from [8] , [9] , [10] , we prove that Witten's conjecture [28] relating the Donaldson and SeibergWitten series holds for standard four-manifolds of Seiberg-Witten simple type. Our work on the SO(3) monopole cobordism [4] , [5] , [6] proved the existence of a general formula relating Donaldson and Seiberg-Witten invariants in terms of polynomials with unknown coefficients depending on topological data. Here, we use a family of manifolds constructed by Fintushel, J. Park, and Stern in [16] to show that these coefficients are exactly what is necessary to satisfy Witten's conjecture.
For standard four-manifolds, the Seiberg-Witten invariants [23] , [26] , [28] comprise a function with finite support, SW X : Spin c (X) → Z, where Spin c (X) is the set of isomorphism classes of spin c structures on X. The set of SW-basic classes, B(X), is the image under a map c 1 : Spin c (X) → H 2 (X; Z) of the support of SW X , [28] . A standard four-manifold X has Seiberg-Witten simple type if c 2 1 (s) = c 2 1 (X) for all c 1 (s) ∈ B. Let D w X (h) denote the Donaldson series (see [21, Theorem 1.7] or §2.2 here). Using arguments from quantum field theory, Witten made the following conjecture. Conjecture 1.1 (Witten's Conjecture). Let X be a standard four-manifold with SeibergWitten simple type. Then X has Kronheimer-Mrowka simple type and the KronheimerMrowka and Seiberg-Witten basic classes coincide. For any w ∈ H 2 (X; Z) and h ∈ H 2 (X; R), if Q X is the intersection form of X, The quantum field theory argument giving equation (1.2) for standard four-manifolds has been extended by Moore and Witten [22] to allow b + (X) ≥ 1, b 1 (X) ≥ 0, and fourmanifolds X of non-simple type. The SO(3) monopole program gives a relation between the Donaldson and Seiberg-Witten invariants for these manifolds and so should also lead to a proof of Moore and Witten's more general conjecture. However, the methods of this paper do not extend to the more general case because of the lack of examples of four-manifolds not of simple type.
A proof of Witten's conjecture for a more restricted class of manifolds has appeared previously in [20, Cor. 7 ].
1.2.
Outline of the article. In [6] , we showed that a Donaldson invariant of a fourmanifold X could be expressed as a polynomial p(X) in the intersection form of X, the Seiberg-Witten basic classes of X and an additional cohomology class Λ which does not appear in (1.2) . If X has SW-simple type, then the coefficients of p(X) depend only on the degree of the Donaldson invariant, Λ 2 , χ h (X), c 2 1 (X), and the values c 1 (s) · Λ for c 1 (s) an SW-basic class. In Proposition 4.7, we give a condition on the Seiberg-Witten basic classes for when the equality between the Donaldson invariant and the polynomial p(X) determines the coefficients of p(X).
In [16] , Fintushel, J. Park, and Stern construct a family of four-manifolds X p with c 2 1 (X p ) = χ h (X p ) − 3, |B(X p )/ ± 1| = 1 and satisfying (1.2). The four-manifolds X p and their blow-ups satisfy the hypotheses of Proposition 4.7. Thus, because X p and their blow-ups satisfy (1.2), the coefficients of p(X p ) and thus the coefficients of p(X) for any four-manifold with c 2 1 (X) ≤ c 2 1 (X p ) and χ h (X) = χ h (X p ) must also be such as to imply that X satisfies (1.2). Theorem 1.2 holds for manifolds X with c 2 1 (X) > χ h (X) − 3 because it holds for a manifold X if and only if it holds for the blow-up of X.
In §2, we review the definition of the Donaldson series, the Seiberg-Witten invariants and results on the surgical operations of blowing up, blowing down, and rational blow-downs which preserve (1.2). In §3, we summarize the results of the SO(3) monopole cobordism program from [6] , giving the equality between the Donaldson invariant and the polynomial p(X) mentioned above. Our criterion for when this equality determines the polynomial appears in §4. Finally, we prove Theorem 1.2 in §5.
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Preliminaries
We begin by reviewing the relevant properties of the Donaldson and Seiberg-Witten invariants.
2.1. Seiberg-Witten invariants. As stated in the introduction, the Seiberg-Witten invariants defined in [28] (see also [23, 25, 26] ), define a map with finite support,
where Spin c (X) denotes the set of spin c structures on X. For a spin c structure s = (W ± , ρ) where W ± → X are complex rank-two bundles and ρ is a Clifford multiplication map, define c 1 : Spin c (X) → H 2 (X; Z) by c 1 (s) = c 1 (W + ). For all s ∈ Spin c (X), c 1 (s) is characteristic. The invariant SW X (s) is defined by the homology class of M s , the moduli space of Seiberg-Witten monopoles. A SW-basic class is c 1 (s) with SW X (s) = 0 and write
A manifold X has SW-simple type if SW X (s) = 0 implies that c 2 1 (s) = c 2 1 (X). As discussed in [23, §6.8] , there is an involution on Spin c (X), s →s, with c 1 (s) = −c 1 (s), defined essentially by taking the complex conjugate bundles. By [23, Corollary 6.8.4] ,
Let X = X#CP 2 be the blow-up of X. For n ∈ Z, there is a unique s n ∈ Spin c (CP 2 ) with c 1 (s n ) = (2n + 1)e * where e * ∈ H 2 ( X; Z) is the Poincaré dual of the exceptional curve. By [25, §4.6.2] , there is a bijection,
given by a connected-sum construction with c 1 (s X #s n ) = c 1 (s X ) + (2n + 1)e * . Versions of the following blow-up theorem have appeared in [13] For h ∈ H 2 (X; R) and x ∈ H 0 (X; Z) a generator, we define D w X (h δ−2m x m ) = 0 unless
If (2.3) holds, then D w X (h δ−2m x m ) = 0 is defined by pairing cohomology classes corresponding to elements of A(X) with the Uhlenbeck compactification of the moduli space of anti-self-dual SO(3) connections [1, 2, 17, 21] .
A four-manifold has KM-simple type if for all w ∈ H 2 (X; Z) and all z ∈ A(X),
The Donaldson series is a formal power series, 
such that β X (K) = 0 for at least one and at most finitely many classes, K, which are integral lifts of w 2 (X) ∈ H 2 (X; Z 2 ) (the KM-basic classes), and for any w ∈ H 2 (X; Z), one has the following equality of analytic functions of h ∈ H 2 (X; R):
The following lemma reduces the proof of Conjecture 1.1 to proving that equation ( Proof. The result follows from comparing equations (1.2) and (2.7) and from the linear independence of the functions e r i t for different values of r i .
2.2.2.
Independence from w. We now discuss the role of w. Proofs that the condition (2.4) is independent of w appear, in varying degrees of generality, in [21, 19, 27, 24] : The following allows us to work with a specific w: Proposition 2.6. If a standard four-manifold satisfies Witten's equality (1.2) for one w ∈ H 2 (X; Z), then X satisfies (1.2) for all w ∈ H 2 (X; Z).
Proof. Assume that X satisfies (1.2) for w 0 ∈ H 2 (X; Z). Then, (2.8)
is non-empty. If r i = K i , h for h ∈ U then r i = r j for i = j. For t ∈ R and h ∈ U substituting th into (2.8) gives
The preceding and the linear independence of the functions e r 1 t , . . . , e rst imply that
Behavior under blow-ups.
We also note that (2.4) is invariant under blow-ups.
Proposition 2.7. A standard four-manifold X has KM-simple type if and only if its blowup X has KM-simple type.
Proof. Assume X has KM-simple type. Then the blow-up formula
If X has KM-simple type, then decomposez ∈ A( X) as i z i e i where z i ∈ A(X) and e ∈ H 2 ( X; Z) is the homology class of the exceptional curve. By [14, Lemma 3.1], there are polynomials B i (x) such that for w ∈ H 2 (X; Z) we have
Then X has KM-simple type by Theorem 2.5.
We also note the behavior of (1.2) under blow-up: 
Assume that X satisfies equation (1.2) and has KM-simple type. Because w is characteristic, w 2 ≡ c 2 1 (X) (mod 4). By (2.3), the Donaldson invariant will then vanish unless
Then X satisfies equation (1.2) if and only if
The parity restriction (2.11) implies that for d ≡ c(X) (mod 2),
We can then read the value of D w X (h δ−2m x m ) from the above as follows. If δ ≡ c(X) (mod 4) and m is even, then δ − 2m ≡ c(X) (mod 4) so by the KM-simple type condition (2.4) and the vanishing condition (2.3),
Similarly, if δ ≡ c(X) (mod 4) and m is odd, then δ − 2m + 2 ≡ c(X) (mod 4) so by the KM-simple type condition and the vanishing condition (2.3),
Conversely, if the Donaldson invariants satisfy (2.10) then the KM-simple type condition (2.4) follows immediately. That X satisfies (1.2) follows from the arguments above.
The SO(3) monopole cobordism formula
In this section, we review the SO(3) monopole cobordism formula. More detailed expositions appear in [7, 8, 9, 11, 6] .
We will denote spin c structures on X by s = (W, ρ) where W → X is a rank-four, complex Hermitian vector bundle and ρ is a Clifford multiplication map. A spin u structure t is given by t = (W ⊗ E, ρ ⊗ id E ) where (W, ρ) is a spin c structure and E → X is a rank-two complex Hermitian vector bundle. Such a spin u structure t defines an associated bundle g t = su(E) and characteristic classes c 1 (t) = c 1 (W + ) + c 1 (E), and p 1 (t) = p 1 (g t ).
We will often use the notation Λ = c 1 (t) and w = c 1 (E) which is used to orient the moduli space. Let M t denote the moduli space of SO(3) monopoles for the spin u structure t as defined in [8, Equation (2.33] . The space M t admits an S 1 action with fixed point subspaces given by M w κ , the moduli space of anti-self-dual connections on the bundle g t , and by Seiberg-Witten moduli spaces M s where E = L 1 ⊕ L 2 and s = W ⊗ L 1 . For spin c structures s with M s ⊂ M t , we have c 2 1 (s) = p 1 (t). The dimension of M w κ is given by 2δ where
The dimension of M t is 2δ + 2n a (t) where n a (t) is the complex index of a Dirac operator defined by t and n a = (i(Λ) − δ)/4 for
Thus, M w κ has positive codimension in M t if and only if i(Λ) > δ. The moduli space M t is not compact but admits a Uhlenbeck-type compactification,
where t(ℓ) is the spin u structure satisfying c 1 (t(ℓ)) = c 1 (t) and p 1 (t(ℓ)) = p 1 (t) + 4ℓ. The S 1 action extends continuously overM t . The closure of M w κ inM t is the Uhlenbeck compactificationM w κ . There are additional fixed points of the S 1 action inM t of the form M s × Sym ℓ (X) where c 1 (s) and ℓ satisfy
where r(Λ, s) = −(c 1 (s) − Λ) 2 − 3χ h . IfL w t,κ andL t,s are the links ofM w κ and M s × Sym ℓ (X) respectively inM t /S 1 , thenM t /S 1 defines a cobordism betweenL w t,κ and the union, over s ∈ Spin c (X), of the linksL t,s . If i(Λ) > δ, then pairing certain cohomology classes with the linkL w t,κ gives a multiple of the Donaldson invariant (see [9, Prop. 3.29] ). As these cohomology classes are defined on the complement of the fixed point set inM t /S 1 , the cobordism gives an equality between this multiple of the Donaldson invariant and the pairing of these cohomology classes with the union, over s ∈ Spin c (X), of the linksL t,s . In [6] , we computed a qualitative expression for this pairing, giving the following result. is defined in (3.1). Then for any h ∈ H 2 (X; R) and generator x ∈ H 0 (X; Z),
where for Q X the intersection form of X, c 2 1 = c 2 1 (X), and χ h = χ h (X),
and the coefficients a i,j,k are analytic functions of i, j, k, χ h , c 2 1 , c 1 (s) · Λ, Λ 2 , and m.
Determining the coefficients
In this section, we show how a four-manifold X satisfying Witten's Conjecture can determine the coefficients of the polynomial f δ,m (χ h , c 2 1 , c 1 (s), Λ) appearing in equation (3.2) for χ h = χ h (X) and c 2 1 = c 2 1 (X). We begin with a generalization of [17, Lemma VI.2.4] showing when equalities of the form (3.2) determine these coefficients.
Lemma 4.1. Let V be a finite-dimensional real vector space. Let T 1 , . . . , T n be linearly independent elements of the dual space V * . Let Q be a quadratic form on V which is non-zero on ∩ n i=1 Ker(T i ). Then T 1 , . . . , T n , Q are algebraically independent in the sense that if F (z 0 , . . . , z n ) ∈ C[z 0 , . . . , z n ] and F (Q, T 1 , . . . , T n ) : V → R is the zero map, then F (z 0 , . . . , z n ) is the zero element of C[z 0 , . . . , z n ].
Proof. We use induction on n. For n = 1, the result follows from [17, Lemma VI.2.4].
Assume that there is a polynomial F (z 0 , . . . , z n ) with F (Q, T 1 , . . . , T n ) : V → R the zero map. Assigning z 0 degree two and z i degree one for i > 0, we can assume that F is homogeneous of degree d. Write F (z 0 , . . . , z n ) = z r n G(z 0 , . . . , z n ) where z n does not divide G(z 0 , . . . , z n ). Then, because T r n G(Q, T 1 , . . . , T n ) vanishes on V , G(Q, T 1 , . . . , T n ) must vanish on the dense set T −1 n (R * ) and hence on V . Then write G(z 0 , . . . , z n ) = m i=0 G i (z 0 , . . . , z n−1 )z m−i n . Because z n does not divide G(z 0 , . . . , z n ), if G(z 0 , . . . , z n ) is not the zero polynomial, then G m (z 0 , . . . , z n−1 ) is not zero. However, because G(Q, T 1 , . . . , T n ) is the zero function, G m (Q, T 1 , . . . , T n−1 ) vanishes on Ker(T n ). If there are c 1 , . . . , c n−1 ∈ R such that the restriction of c 1 T 1 + . . . c n−1 T n−1 to Ker(T n ) vanishes, then there is c n ∈ R such that c 1 T 1 + . . . c n−1 T n−1 = c n T n . Then, the linear independence of T 1 , . . . , T n implies that c 1 = · · · = c n = 0. Hence, the restrictions of T 1 , . . . , T n−1 to Ker(T n ) are linearly independent. Induction then implies that G m (z 0 , . . . , z n−1 ) = 0, a contradiction.
Because B(X) is closed under the action of ±1, it is not linearly independent. Hence, we cannot immediately apply Lemma 4.1 to determine the coefficients a i,j,k in (3.3) from examples of manifolds satisfying Witten's equality (2.10). To remedy this, we rewrite (2.10) and (3.2) as sums over a different set of spin c structures. Let B ′ (X) be a fundamental domain for the ±1 action on B(X), so the projection map B ′ (X) → B(X)/ ± 1 is a bijection. Lemma 2.9 has the following rephrasing. 
Proof. We will show that (2.10) holds if and only if (4.1) holds and so the lemma follows from Lemma 2.9.
Recall thats was the spin c structure with c 1 (s) = −c 1 (s). We rewrite the sum in (2.10) as a sum over B ′ (X) by combining the s ands terms as follows. These two terms differ only in their factors of (−1) ε(w,s) , SW (s), and c 1 (s), h i . Because w is characteristic, we have 
In the sum (2.10), where i + 2k = δ − 2m, we have i ≡ δ (mod 2). Because δ ≡ c(X), when w is characteristic by (2.11), we have (−1) c(X))+i + 1 = 2, explaining the change in the factor of two from (2.10) to (4.1). When c 1 (s) = 0, the s ands terms are the same and so we must offset this factor of two with the given expression n(s).
We now perform a similar reduction for the sum in (3.2). Define
where a i,j,k are the coefficients appearing in (3.3).
Lemma 4.3. Continue the hypotheses of Theorem 3.1. In addition, assume that Λ = 2u
where u 2 ≡ 0 (mod 2). Then,
where b i,j,k is defined in (4.4) and n(s) is defined by (4.2).
Proof. Observe that Λ = 2u and u 2 ≡ 0 (mod 2) implies that
We then follow the argument of Lemma 4.2 to reduce (3.2) to the form (4.5). For c 1 (s) = 0, we can combine the s ands terms in the sum using the expression The following result gives the values of c 1 (s) · Λ and Λ 2 for which we will need to know the coefficients b i,j,k to use Lemma 4.3 to compute the degree δ Donaldson invariant.
Proof. Let u 1 ∈ H 2 (X) be any element with u 2 1 > 0 and i(2u 1 ) > δ. Let u = 2|c 2 1 |u 1 . Then u · k i ≡ 0 (mod 2|c 2 1 |), u 2 ≡ 0 (mod 2), and i(2u) > i(2u 1 ) > δ as required. Recall that a four-manifold was called abundant in [3] if B(X) ⊥ contained a hyperbolic sublattice. That is, X is abundant if there are f 1 , f 2 ∈ H 2 (X; Z) with f 2 i = 0, f 1 · f 2 = 1, and f i · c 1 (s) = 0 for all c 1 (s) ∈ B(X). The following yields values of c 1 (s) · Λ, Λ 2 , and δ for a Λ on an abundant manifold to which we will be able to apply Lemmas 4.1 and 4.3 to determine the coefficients b i,j,k . Lemma 4.5. Let X be abundant and have SW-simple type. Assume that B(X) is nonempty. Let X(n) be the blow-up of X at n points for n ≥ 0 and for m < n, consider H 2 ( X(m)) as a subspace of H 2 ( X(n)) by using the inclusion defined by pullback by the blow-down map. Denotec 2 1 = c 2 1 ( X(n)) and assumec 2 1 = 0. Then, for every triple (x, y, δ) ∈ Z × Z × Z ≥0 satisfying (4.6)
x ≡ 0 (mod 2|c 2 1 |), y ≡ 0 (mod 2), and 4y > δ +c
Proof. Because x ≡ 0 (mod 2|c 2 1 |), there is a ∈ Z with x = 2c 2 1 a. Because y ≡ 0 (mod 2), there is m ∈ Z with 2m = y − 4a 2 (c 2 1 + n − n 2 ). The assumption of abundance implies that there are f 1 , f 2 ∈ B(X) ⊥ ⊂ H 2 (X) with f 2 i = 0 and f 1 · f 2 = 1. For any k ∈ B ′ (X), the assumption of SW-simple type, implies that k 2 =c 2 1 + n. Let e * 1 , . . . , e * n ∈ H 2 ( X(n)) be the Poincaré duals of the exceptional curves. By (2.2), there isk = k + n i=1 e * i ∈ B( X(n)) and we can assumek ∈ B ′ ( X(n)). Then u = mf 1 + f 2 + 2a(k + ne * 1 ) ∈ H 2 ( X(1)) satisfies u ·k = x and u 2 = y. The inequality i(2u) > δ follows from the definition of i(·) in (3.1) and the assumption that 4y > δ +c 2 1 − 5χ h . A manifold with the following properties can be used to determine the coefficients b i,j,k . 
Proposition 4.7. Let X be a useful four-manifold. Let X(n) be the blow-up of X at n points for n ≥ 0. Let (x, y, δ) ∈ Z × Z × Z ≥0 satisfy (4.6) and m ∈ Z ≥0 satisfy δ ≥ 2m. Then, for any i, j, k satisfying i + j + 2k = δ − 2m, for Λ · c 1 (s) = 2x and Λ 2 = 4y, the coefficients in (4.4) satisfy
Proof. For 0 ≤ n ′ ≤ n, identify H 2 ( X(n ′ )) with a subspace of H 2 ( X(n)) by using the injection given by the pullback of the blow-down map. Let u ∈ H 2 ( X(1); Z) andk ∈ B ′ ( X(n)) be the elements given by Lemma 4.5 satisfying u ·k = x, u 2 = y, and i(2u) > δ. Let e * i ∈ H 2 ( X(n); Z) be the Poincaré dual of the i-th exceptional curve. Let π i : Z n 2 → Z 2 be projection onto the i-th factor. If we define, for ε ∈ Z n 2 and k ∈ B ′ (X),
then, from (2.2) and the assumption that X has SW simple type,
Then apply Lemma 4.3 with Λ = 2u. Comparing (4.1) and (4.5) and abbreviating
Because the cohomology classes k ε are not linearly independent for all n, we need to refine the above sums to determine the coefficients
m).
Let ε + = (0, 0, . . . , 0) and
By the multinomial theorem, we can expand the factor k ε , h i as
For ε ∈ Z n,± 2 , we can rewrite the terms in the left-hand-side of (4.7) as (4.8)
For ε ∈ Z n,± 2 , we can rewrite the terms in the right-hand-side of (4.7) as (4.9)
For j = 2, . . . , n, define fixed-point free involutions t j :
by the requirement
Then, if we sum the expressions (4.8) and (4.9) over Z n,± 2 , if there is j with 2 ≤ j ≤ n such that i j is even, then
and so the ε and t j (ε) terms cancel out. If all the i j are odd, then
and the expressions (4.8) and (4.9) depend on ε only through π 1 (ε). Thus, define p(i 2 , . . . , i n ) = 0 if there is j with 2 ≤ j ≤ n and i j even 2 n−1 if for all j with 2 ≤ j ≤ n, i j is odd.
Dividing the sum in (4.7) over Z n 2 into sums over Z n,± 2 , we can rewrite (4.7) as (4.10)
The set {f 1 , f 2 , k + e * 1 , k − e * 1 , e * 2 , . . . , e * n } is linearly independent and hence the set {Λ, k + e * 1 , k − e * 1 , e * 2 , . . . , e * n } is linearly independent. Hence (4.10), the part of the definition of usefulness on the restriction of Q X , and Lemma 4.1 imply the desired equality of the coefficients. Note that the coefficients required in the statement are obtained from comparing the k + e * 1 terms.
We now show that Witten's conjecture holds for manifolds with c 2 1 = 0 and with c 2 1 and χ h equal to those of a blow-up of a useful four-manifold. Proposition 4.8. Let X be a useful manifold and let X ′ be a standard four-manifold with χ h (X) = χ h (X ′ ) and c 2 1 (X) − n = c 2 1 (X ′ ) = 0 where n ≥ 0. Assume that X ′ has SW-simple type. Then X ′ satisfies Conjecture 1.1.
Proof. By Lemma 4.2, X ′ satisfies Theorem 1.2 if and only if the Donaldson invariants of X ′ satisfy equation (4.1). Let X(n) be the blow-up of X at n points, so χ h ( X(n)) = χ h (X ′ ) and c 2 1 ( X(n)) = c 2 1 (X) − n = c 2 1 (X ′ ). Given δ > 0, let u ∈ H 2 (X ′ ) be the class constructed in Lemma 4.4. Then, with Λ = 2u, χ h = χ h (X ′ ), and c 2 1 = c 2 1 (X ′ ), the formula (4.5) gives an expression for the Donaldson invariant: 
The properties of u in the conclusion of Lemma 4.4 and our assumptions c 2 1 (X ′ ) = c 2 1 ( X(n)) = 0 and χ h (X ′ ) = χ h ( X(n)) imply that the coefficients b i,j,k (χ h , c 2 1 , c 1 (s) · Λ, Λ 2 , m) appearing in the previous equality are among those computed for X(n) in Proposition 4.7. Hence, we may rewrite the preceding as: Comparing the preceding equality and (4.1) completes the proof.
The proof of Theorem 1.2
We now use Proposition 4.8 to prove Theorem 1.2 by finding a family of useful manifolds spanning all relevant values of χ h and then give arguments involving blow-ups to cover the cases with different values of c 2 1 (X). Because b + (X) = 2χ h (X) − 1 for standard manifolds, to cover all the values of χ h of standard manifolds, we will need a useful manifold Y q with χ h (Y q ) = q for all q ≥ 2.
In [16] , Fintushel, J. Park, and Stern construct examples of standard four-manifolds X p and X ′ p for p ∈ Z with p ≥ 4 with c 2 1 (X p ) = 2p − 7 and c 2 1 (X ′ p ) = 2p − 8 and both satisfying c 2 1 = χ h − 3. In addition, |B(X p )/ ± 1| = |B(X ′ p )/ ± 1| = 1. The manifolds from [16] define a ray in the (χ h , c 2 1 ) plane but the restriction p ≥ 4 implies that they do not fill in the point χ h = 2, c 2 1 = −1. To fill this hole, define X 3 = K3#CP 2 .
The proof of Proposition A.8 in [9] immediately yields the following criterion for abundance which we will use to see the abundance of the manifolds above.
Lemma 5.1. Let X be a simply-connected four-manifold, where K ∈ H 2 (X; Z), where K is an integral lift of w 2 (X). If any one of the following hold, then K ⊥ ⊂ H 2 (X; Z) contains a hyperbolic sublattice:
